Preisach modeling of a field-induced nonlinear strain of a ferroelectric material was carried out. A hysteron having a tristable property was proposed. The three stable states correspond to the three stable polarization states of a ferroelectric material. The domain evolution under an electric field was calculated. Finally, the electric-field-induced strain of ferroelectric ceramics was calculated and compared with experimental values. The proposed model enables the description of major and minor strain butterfly loops of ferroelectric materials.
Introduction
Functional properties of ferroelectric materials have strong nonlinearity. This nonlinearity is both an advantage and disadvantage for device applications. Nonvolatile memory uses the hysteric polarization-electrical field (P-E) relationship of ferroelectric materials. 1) For electromechanical applications, however, the hysteric response of electricfield-induced strain is undesired especially in high-precision actuators.
2) Therefore, the nonlinearity of ferroelectric materials is an important issue.
The constitutive equations of ferroelectric materials are generally described as follows:
ð1:1Þ
Here, S ij and D i represent the strain and electric displacement, kl and E k are the applied stress and applied electric field, and s E ijkl , d kij , and "
T ik are the elastic compliance, piezoelectric coefficient and dielectric constant, respectively. In these equations, the first two terms are the linear part, and the final terms S rem ij and P rem i are the nonlinear part. The linear part represents the intrinsic (converse) piezoelectric effect, which is derived from the lattice effect of the material. The final term is the nonlinear part, comprising the remnant strain and remnant polarizations. These factors play a role in the nonlinearity of ferroelectric materials. These nonlinear effects stem from the irreversible domain wall displacements of ferroelectric materials to the applied electric field, which is called the extrinsic effect. In recent studies, the large nonlinear strain due to domain switching has been used for high-strain actuators [3] [4] [5] and the strain memory effect. [6] [7] [8] [9] To describe the nonlinear behavior of ferroelectric materials, many constitutive models have been developed by taking phenomenological approaches [10] [11] [12] and micro-electro-mechanical approaches. [13] [14] [15] Although these models partly capture and predict nonlinear ferroelectric behavior, they are too complicated or limited for particular situations.
A simple mathematical method for describing hysteric behavior is the Preisach model. The Preisach model was originally proposed to describe the magnetic hysteresis of ferromagnetics. [16] [17] [18] The Preisach model is applied not only to the ferromagnetic system but also to ferroelectric D-E hysteresis, 19) compensation for the hysteresis of piezoelectric actuators, 20, 21) piezoelectric nonlinearity, 22) and dielectric nonlinearity. 23) However, there are few reports on the Preisach modeling of strain butterfly hysteresis. Yang et al. reported the Preisach modeling of the strain butterfly loop of ferroelectric films. 24) They calculated the strain from polarization using the Landau-Devonshire theory; i.e., S ¼ QP 2 , where S is the strain, Q is the electrostriction coefficient, and P is the remnant polarization. However, it is known that this equation does not hold when non-180 domain switching occurs. 25) The reason why the Preisach modeling of the field-induced strain has not been carried out is that the nonlinear strain that stems from the domain switching cannot be handled by classical Preisach modeling. Figure 1 shows a schematic diagram of the tetragonal ferroelectric crystal and 180 and 90 polarization switchings. When the electric field is applied antiparallel to the polarization direction, both 180 and 90 domain switchings can occur. If 180 domain switching occurs, the polarization changes from up to down. In this case, the polarization state has two stable states and classical Preisach modeling is thus suitable. On the other hand, when 90 domain switching occurs, the polarization has three stable states, and Preisach modeling is thus not suitable.
In this study, we propose a new tristable hysteron and develop the Preisach modeling of the electric-field-induced strain of ferroelectric materials considering 90 domain switching. This new model realizes the modeling of the nonlinear behavior of ferroelectric material due to domain switching.
Improved Preisach Model

Classical Preisach model
The classical Preisach model is composed of a hysteresis loop as the parallel connection of independent relay hysterons. A classical relay hysteron is shown in Fig. 2 . The rectangular hysteron R X;Y is a relay operator defined with two parameters, the switching down field Y and switching up field X. The value of the hysteresis operator is +1 or À1 indicating normalized electric polarization. The threshold values X and Y satisfy X ! Y. When the applied field E is Y < E < X, the output value of the hysteresis operator depends on its past state. This results in hysteresis behavior. The hysteresis is expressed as
ð2:1Þ
where P is the output polarization and KðX; YÞ is the Preisach distribution function indicating the number of hysterons at ðX; YÞ, which features the hysteresis behavior. In this study, the summation of Preisach distribution functions are normalized; then, the maximum value of eq. (2.1) is 1, for example. The polarization changes under increasing and decreasing electric fields are shown in Fig. 3 . Many hysterons with various threshold values are defined on the XY plane, which is called the Preisach plane. E s indicates the saturation electric field over which all hysterons become +1 or À1. Assuming the initial polarization state is À1 everywhere, the polarization change when the electrical field increases to E ¼ x is as shown in Fig. 3 (a). Hysterons with X x change polarization states from À1 to +1. Subsequently, when the electric field decreases to E ¼ y, hysterons with Y ! y change their polarization state from +1 to À1, as shown in Fig. 3 
(b).
When using the Preisach model, the polarization state changes according to the applied electric field in this way. The Preisach distribution function is defined on the Preisach plane, as shown in Fig. 4 . The Preisach distribution function gives the weight for each hysteron. The integration area is divided into two by applying electric fields: S þ , at which the value of the hysteron is +1, and S À , at which the value of the hysteron is À1. The relay operator R X;Y expresses only +1 or À1; then, eq. (2.1) can be replaced by
KðX; YÞ dX dY: ð2:2Þ
Since this model allows only two stable values, in other words only 180 domains, it cannot provide any information on the 90 domains. Thus, the nonlinear strain due to domain switching cannot be modeled.
Proposed tri-stable hysteron
To treat 90 domain switching with the Preisach model, a new tristable hysteron is proposed. The proposed hysteron is shown in Fig. 5 . The hysteron has three stable points and four threshold values. The three stable states correspond to three stable polarization states that are parallel, orthogonal, and antiparallel to the electric field direction. The parallel and antiparallel states are related to the c domain and the orthogonal state is related to the a domain. The threshold value X is the switching up field from the a domain to the c domain, X 0 is the switching up field from the c domain to the a domain, Y is the switching down field from the a domain to the c domain, and Y 0 is the switching down field from the c domain to the a domain. domain switching. Using this hysteron, the domain volume fraction under the application of an electric field can be calculated. Therefore, the nonlinear response of ferroelectric materials can be modeled. Figure 6(a) shows that the polarization changes when the electric field increases to E inc . The initial polarization states are assumed to be all À1. In the XY plane, if X E inc , all corresponding hysterons in the X 0 Y 0 plane become +1. Where X > E inc , hysterons do not become +1 but some change from À1 to 0. On an X 0 Y 0 plane with a point ðx; yÞ where x > E inc , the hysterons of points for which x 0 E inc become 0. This switch corresponds to 90 domain switching. It should be noted that for a point at which the hysteron is +1, the hysteron does not become 0 even though x 0 E inc < x because the up polarization direction does not change when the electric field increases. Figure 5(b) shows that the polarization changes when the electric field decreases to E dec . The polarization state will change in the same manner. On the X 0 Y 0 plane, if Y > E dec , all corresponding hysterons on the X 0 Y 0 plane become À1. On the XY plane, where Y E dec , the hysterons do not become À1 but change from +1 to 0. On an X 0 Y 0 plane with a point ðx; yÞ where y < E dec , the hysterons of points for which y 0 ! E dec become 0 except for the hysterons of À1. In this manner, domain switching under an electric field is calculated.
The volume fractions for a domain V a and c domain V c are calculated as 
Calculation of Electric-Field-Induced Strain
In this section, a constitutive equation of the nonlinear electric-field-induced strain is provided. For simplification, we assume that the applied stress kl is zero and consider only the uniaxial case in eqs. (1.1) and (1.2) . The constitutive equations then respectively become
ð3:1Þ
ð3:2Þ
The extrinsic strain S rem 33 , that is, the domain switching strain, is calculated from the domain volume fraction V c and the tetragonality of the crystal c=a as is the piezoelectric coefficient of the fully poled state and P max rem is the saturation magnitude of remnant polarization. The remnant polarization is calculated as
The total electric-field-induced stain is then calculated from eqs. (3.1), (3.3), (3.4), and (3.5).
Comparison with Experiments
In this section, the proposed model is validated using experimental results. For this comparison, a commercial soft-type piezoelectric transducer (Nihon Ceratec Material D) is used. The physical parameters of this material are presented in Table I . The parameters are determined from measured D-E hysteresis, the strain butterfly curve and X-ray diffraction. The parameter v 90 indicates the volume fraction of the domain that switches in a 90 manner. The remainder of the domain only switches in the 180 manner with the hysteron for X ¼ X 0 and Y ¼ Y 0 . The ratio of the hysteron with 180 switching was weighted to be 0.78. This means that only 22% of the domain switches in the 90 manner. This value was estimated from the change in domain volume under the electric field measured by X-ray diffraction analysis.
6) The parameters used for the Preisach calculation are presented in Tables II and III . Parameters other than those for the distribution functions are taken from Table I . The distribution function should be determined from the measurement data. However, no method of identifying the distribution function in this new model has yet been established. Thus, we assumed a pseudo-Voigt function as the XY distribution and a Cauchy function as the X 0 Y 0 distribution. The parameters of distribution functions are determined to fit the experimental strain butterfly curve. The measured butterfly curves and calculated curves are shown in Fig. 7 together with D-E hysteresis curves. Regarding the D-E hysteresis curves, it should be noted that the calculated values were only normalized P rem 3 without the static contribution " Figs. 7(c) and 7(d) . The rapid change in strain near the coercive field occurs at a slightly weaker electric field in the experiment than in the calculation. This difference might be due to the internal stress of the neighboring domains. 26) When the a domain increases near the coercive field, there is stress from the neighboring domains that induces the a domain to switch to the c domain. In our model, this internal stress effect is neglected, which could be a reason for the disagreements between experimental results and calculation results in the D-E hysteresis curve measurements, as shown in Fig. 7 . However, the main reason is neglecting the factor " T 33 E. 
Conclusions
An improved Preisach model that can be used for the calculation of the nonlinear field-induced strain due to non-180 domain switching was proposed and demonstrated. The proposed tristable hysteron indicates three stable polarization states including the a and c domains. The nonlinear electric-field-induced strains of the ferroelectric ceramics were calculated and compared with experimental values. The calculated strain butterfly curve agreed with the experimental curve. With the development of a method to determine distribution functions from experimental data, this model will become a new tool with which to study the nonlinearity of ferroelectric materials.
